Abstract. The interplay of pairing is explored for the spectral statistics of nuclear systems with emphasis on the nearest neighbor spacing distributions by employing the kernel density and maximum-likelihood estimation techniques. Different sequences prepared by all the available empirical data for low-lying energy levels of even-and odd-mass nuclei in the 34 ≤ A < 206 mass region. A deviation to more regular dynamics is apparent for even-mass nuclei in comparison to the odd-mass ones, and there are suggestions of the effects due to unclosed proton shells on more chaotic dynamics.
Introduction
The investigations of spectral statistics and non-linear dynamics in different systems have been receiving considerable attention in the four past decades. The Random Matrix Theory (RMT), as the most commonly used tool in the investigation of the fluctuation properties of quantum system's spectra, describes a chaotic system by an ensemble of random matrices subject only to the symmetry restrictions [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Systems with time reversal symmetry, such as atomic nuclei, are described by Gaussian Orthogonal Ensemble (GOE). On the other hand, systems which are classically integrable, i.e. non-chaotic, have been found to be well characterized by Poisson distribution [3] [4] [5] [6] . More recent developments in the statistical investigations have focused on the shell effects due to the dissipation and the breaking of dynamical symmetries while Guhr et al. have considered the effect of breaking the isospin symmetry on spectral statistics [14] .
The nuclear shell model is the best available theoretical tool for calculating the properties of the low-lying states. Systematic studies for the spectral statistics using the shell model have been made in the sd shell [15] and in the pf shell [16] . The results in the sd shell showed a general agreement with the random matrix theory [15] . However, exceptions were found in the spectral statistics of nuclei in the pf shell region [16] [17] [18] and in the Pb region [19, 20] . The dynamics in the low-energy region of semi-magic nuclei in these zones of the nuclear chart were close to regularity. The difference in the intensity of the T = 1 and the T = 0 residual interaction was considered to be the main cause for that behavior [16] . The T = 1 residual interaction, the only part that is active on semi-magic nuclei, is not strong enough to perturb completely the regular motion in the mean field, and the increment or decrement of the level repulsion is very dependent on the intensity of the mean field.
The pairing effect on the spectral statistics of nuclear systems has been described theoretically by Molina et al. in refs. [21, 22] where, by changing the intensity of the pairing interaction with respect to the realistic residual interaction, they have suggested that the pairing interaction controls the spectral statistics of low-lying levels. Also, their results proposed that an increase in the intensity of the pairing interaction drives the statistical properties of the spectra of low-lying states closer to Poisson. This means that one can expect a more regular dynamic for even-mass nuclei in comparison to the odd-mass ones in this region of energy, due to the mean field effects [21] .
In this work, we consider the spectral statistics of different sequences prepared by even-and odd-mass nuclei. Using all the available experimental data [23] [24] [25] , i.e. 2 + and 4 + levels of even-and also 1/2 + , 3/2 + , 5/2 + levels of odd-mass nuclei in which the spin-parity J π assignment of at least five consecutive levels are definite, levels are combined in several ways to search for effects due to mass, the intensity of pairing and also the types of pairs on the spectral statistics. Also, we have used the Maximum-Likelihood (ML) [26] and Kernel Density (KD) estimation [27, 28] a e-mail: h-sabri@tabrizu.ac.ir techniques to consider the spectral statistics of sequences with high accuracy by both parametric and non-parametric estimation methods, respectively. This paper is organized as follows: Section 2 briefly summarizes the theoretical aspects of pairing Hamiltonian and data sets which are used in this analysis. Section 3 deals with reviewing statistical approaches containing unfolding processes, MLE and KDE techniques and finally, sect. 4 contains the numerical results. Section 5 is devoted to summarize and give some conclusion based on the results given in sect. 4.
Data set
In this section, we describe our choice of levels in even-and odd-mass nuclei. In nuclear physics, pairing and quadrupolequadrupole interactions can be regarded as the most important interactions. This concept was proposed by Racah as a seniority scheme in atomic physics [29] [30] [31] . Pairing is regarded as a simple and most regular part of the nuclear interaction. In the low-lying part of nuclear spectra, it yields a pair condensate that influences strongly on all nuclear properties. On the other hand, according to the standard BCS description borrowed from the macroscopic theory of superconductivity, the excitation of the system breaks pairs, removing them from the interaction domain and blocking the scattering phase space for the remaining pairs. Then, at some excitation energy or temperature a sharp secondorder phase transition occurs to a normal-heated Fermi liquid where the pairing effects are usually neglected [30] . The thermodynamically properties, entropy and etc. [32, 33] have been studied by different authors. The statistical properties of low-lying energy levels can be used to investigate the pairing effect on nuclear structures, too.
To study the obvious pairing effect in the Hamiltonian, some authors use the following Hamiltonian [21] :
where H real is a realistic Hamiltonian and
In the theoretical descriptions, pairing was considered as a part of the nuclear Hamiltonian and by changing the intensity of the pairing interaction, G, the statistical properties have been analyzed in some special nuclei [21, 22] . These analyses suggested that the pairing interaction controls the spectral statistics of low-lying levels and also that the variation of the strength changes substantially the fluctuation properties of low-energy levels. It means that an increase in the intensity of the pairing interaction drives the statistical properties of the spectra of low-lying states closer to Poisson, i.e. more regular statistics. On the other hand, a reduction of the pairing interaction in the realistic force proposed a more similar to the GOE properties in the spectral statistics.
To perform similar investigations via experimental data, some sequences were constructed by all the available empirical data taken from refs. [23] [24] [25] . We have followed the same method given in ref. [11] , namely, we selected nuclei in which the spin-parity J π assignments of at least five consecutive levels are definite. In the cases where the spin-parity assignments are uncertain and where the most probable value appears in brackets, we admit this value. We terminate the sequence in each nucleus when we reach at a level with unassigned J π . We focus on the 2 + and 4 + levels of even-and 1/2 + , 3/2 + , 5/2 + levels of odd-mass nuclei (for their relative abundance in the specified nuclei).
Method of analysis
The fluctuation properties of nuclear spectra have been considered by different statistics such as the Nearest Neighbor Spacing Distribution (NNSD) [1] [2] [3] [4] , the Dyson-Mehta Δ 3 (L) statistic [12] [13] [14] etc. To perform a statistical analysis for the NNS distribution of spherical nuclei in different mass regions, similar to every statistical analysis using RMT, we must have a sequence of unit mean level spacings. This requirement is fulfilled by fitting a theoretical expression to the number N (E) of levels below the excitation energy E, which is regarded as an unfolding procedure. The expression used here is the constant-temperature formula [11] N (E) = N 0 + exp
The three parameters, N 0 , E 0 and T , obtained for each nucleus vary considerably with the mass number. Nevertheless, all three show a clear tendency to decrease with increasing the mass number A, using second-order polynomial function for each of the three unfolding parameters. Excluding the available empirical data for five nuclei from all considered 
With these quantities for each nucleus, we obtained the best fit for N (E), which is denoted by F (E). Now, the corrected set of energies is generated by means of [11] 
where both E max and E min remain unchanged with this transformation. These transformed energies should now display on average a constant level density. The spacings which have been used in the determination of NNS distributions are given by
D is the average of the spacing between the corrected energy levels. Now, with the spacing evaluated for each sequence, the NNS distribution is determined. For nuclear systems with time-reversal symmetry whose spectral spacing follows Gaussian Orthogonal Ensemble (GOE) statistics, the NNSD probability distribution function is well approximated by the Wigner distribution [1,2],
which exhibits the chaotic properties of spectra. On the other hand, the NNSD of systems with regular dynamics is generically represented by the Poisson distribution [1,2]
Different analyses which investigate the spectral statistics of nuclear systems propose a transitional behavior between these limits. To compare the fluctuation properties with regular and chaotic limits quantitatively, different distribution functions have been used [34] [35] [36] [37] [38] . One popular distribution is the Abul-Magd distribution [38] , which was derived by assuming that the energy level spectrum is a product of the superposition of independent subspectra, which are contributed, respectively, from localized eigenfunctions onto invariant (disjoint) phase space. The exact form of this model is complicated and its simpler form is proposed by Abul-Magd et al. in ref.
[38] as
which interpolates between the Poisson (q = 0) and the Wigner (q = 1) distributions. In parametric estimation approaches, the value of the distribution's parameter is determined by different techniques which describe the chaotic or regular dynamics. To overcome the disadvantages of LSF-based estimated values, we have employed the MaximumLikelihood Estimation (MLE) technique [26] to estimate the parameter of distributions with more precision, i.e. the estimated values yield accuracies which are closer to Cramer-Rao Lowe Bound (CRLB). The MLE procedure is described in detail in ref. [26] . Here, we outline the basic ansatz and summarize the results.
The Maximum-Likelihood-based results for the Abul-Magd distribution
The MLE method provides an opportunity for estimating exact results with minimum variations. In order to estimate the parameter of the distribution, the likelihood function is considered as the product of all P (s) functions [26] ,
Then, taking the derivative of the log of the likelihood function (12) with respect to its parameter, q, and setting it to zero, i.e., maximizing the likelihood function, the following relation for desired estimator is obtained:
f : 
In the ML-based technique, the estimated parameters correspond to the converging values of iteration eq. (14), where, as initial values, we have chosen the values of the parameters obtained by the LSF method. On the other hand, the non-parametric estimation approach, in dealing with NNSD, compares the histogram of each sequence with Poisson and Wigner curves [6, 7] . This technique is unable to exhibit the intermediate statistics between limits. We used the Kernel Density Estimation (KDE) method [27] as an alternative to the histogram to describe the spectral statistics which interpolate between regular and chaotic dynamics via non-parametric estimation techniques, too. The aspects of the KDE technique and its application in spectral investigation of nuclear systems are available in ref. [27] . Here, we outline the basic ansatz and review the results.
Kernel Density Estimation (KDE)
In statistical applications, the Kernel Density Estimation (KDE) is regarded as a non-parametric technique for estimating the probability density function for the sequence prepared by random variables. KDE is a fundamental data smoothing process, whose inferences about the population are made based on a finite data sample. The simplest form of non-parametric DE is the familiar histogram. Assume X 1 , X 2 , . . . , X n are independent, identically distributed, realvalued random variables with probability density f . We consider the estimatorsf of f . We propose I(= I k ) as the partition of the real line into disjoint intervals. If h k indicates the length of I k , then N k = #{i : X i ∈ I k , 1 ≤ i ≤ n} represents the number of observations in I k and X = (X 1 , X 2 , . . . , X n ) we have [27] f
f =f I is the histogram corresponding to the selected partition and its length. The kernel estimatorf =f a is defined
where K is a kernel, namely a non-negative real function which integrates to one, and X i is assumed as each member of sequence, i.e. s i . We have used, in this analysis, the Gaussian kernel
which explores the best efficiency in comparison to other kernel functions. On the other hand, using the simple bandwidth formula suggested by Scott [28] , we determined the bandwidths for the considered sequences, which describe the smallest uncertainties (we represent these quantities in figs. 1-4). To investigate chaotic or regular dynamics of nuclear spectra with the KD-based estimated density function, we calculate the distance off (x) related to the GOE (or Poisson) limit via the Kullback-Leibler Divergence (KLD) measure, which is defined as [27] 
where P (X i ) represents our estimated distribution function by MLE or KLD techniques, Poisson or GOE distributions are regarded as Q(X i ). The KLD measure is a non-symmetric measure to exhibit the average of the logarithmic difference between the probability distributions P (X i ) and Q(X i ). If D KL (P Q) → 0, a closer adaptation appears between two probability distribution functions and, therefore, closer distances to the Poisson or GOE limits explore the regular or chaotic dynamics of sequences, respectively. fig. 1 , NNSDs for nuclei with unfilled neutron levels (holes in neutron levels) and nuclei with unfilled proton levels (holes in proton levels) based on the KDE method. was prepared by nuclei located in the 150 ≤ A ≤ 200 mass region, namely with N (orZ) ∼ 50 to 82. Our considered criteria, "q" and "KLD" suggest more regularity for heavier nuclei (nuclei in the pf -shell region) compared to the lighter ones (nuclei in the sd-shell region), which reveals theoretical predictions about the chaotic dynamics of lighter nuclei [11, 26] .
To look for the effect of pair type on spectral statistics, we have examined the level statistics of nuclei with different types of pairs out of closed shells. The theoretical analysis [39, 40] proposed a deviation to more regular dynamics for nuclei with neutron-neutron pairs (with full proton energy levels) in comparison to nuclei with proton-proton pairs (with full neutron energy levels) in the shell model configuration, which our results suggest to be similar to statistics. This means that nuclei with proton-proton pairs, whose Coulomb force reduces the effect of the pairing force in energy spectra, show more chaoticity. These results may be interpreted as the fact that pairing and Coulomb forces are competing with each other to dominate the regularity or chaoticity characteristics of nuclear spectra, respectively.
On the other hand, fig. 4 explores a comparison between spectral statistics of some nuclei with unclosed shells. For this analysis, we used the configuration of the shell model and classified nuclei in two groups, nuclei whose protons occupy levels completely, but where the neutron levels have some empty states, and the second group of nuclei by completely occupied neutron levels. Our results, namely more regular dynamics for nuclei with unfilled neutron levels, can be considered as the effect of the competition between pairing and Coulomb forces, while the stronger Coulomb force in nuclei with unfilled proton levels suggests a more chaotic dynamics [21, 22] .
As has been achieved in ref. [26] , the ML-based estimated values and the corresponding distribution functions exhibit less chaoticity in comparison to the LSF-based estimated distribution. From these tables and figures, the KLD measures confirm the more regularity, even more than predicted by the ML-based estimated values, and therefore consider regular dynamics for nuclear systems more than the prediction of other estimation methods. Also, we see the apparent regularity of even-even mass nuclei. So, the majority of these nuclei are deformed, when a more regular dynamics for them is confirmed, which is known as the AbulMagd-Weidenmuller chaoticity effect [41] [42] [43] .
Conclusion and summary
In the present paper, we considered even-and odd-mass nuclei in the 34 ≤ A ≤ 206 mass region to describe the effect of the intensity of the pairing interaction, mass, different types of pairs on the spectral statistics. The KDE and MLE methods have used to investigate the chaocity degrees of the considered systems in the NNSD statistics framework. Our results propose more regular dynamics for even-mass nuclei in comparison to the odd-mass ones and also a deviation to chaoticity in the energy levels of nuclei with unclosed proton levels. These results may suggest a weaker coupling between the single particle and collective degrees of freedom in even-mass nuclei. We have shown that the pairing interaction is the main reason for the regular behavior in spectral statistics of the low-lying states of semi-magic nuclei. Partial conservation of seniority is proposed as the underlying mechanism for the effect of pairing in low-energy spectra. Also, one can conclude that from a competition between pairing and Coulomb interactions derive the spectral statistics of the considered systems to regularity or chaocity, respectively. It is also worth mentioning that the studied mechanism is not exclusive to the pairing force. Other integrable Hamiltonians can have similar effects, i.e. SU (3), as the effect seen here is related to the fact that some specific integrable part of the Hamiltonian is dominant at low energy.
